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Abstract. We prove the equality of the analytic torsion and the intersection R torsion of the 
cone over an odd dimensional compact manifold. 

1. Introduction 

The classical Cheeger-Miiller theorem proves equality between analytic torsion and Reidemeister 
R torsion for closed Riemannian manifolds [22] [3] [20]. When the manifold has a boundary, a 
boundary term appears. This boundary term (given by Luck in [17] when the metric is a product 
near the boundary) has been explicitly given in the general case in some recent works of Bruning 
and Ma [I] [2]. For a compact connected oriented Riemannian manifold (W,g) with boundary the 
Cheeger Muller theorem reads (a similar formula is valid for the relative case) 

logT abs ((W, ff );p) = logr R ((W,g);p) + \x{9W) log 2 + A BM>ahs (dW), 

where T a b s ((W / , g); p) and tr((W, g); p) are the analytic torsion with absolute BC on the boundary, 
and the Reidemeister R torsion of (W,g), with respect to the rank one orthogonal representation 
p of the fundamental group of W and with the basis for homology fixed as in [22] (see Sections 12.21 
and 13.41 for details), respectively, x is the Euler characteristic, and Abm is the anomaly boundary 
term of Bruning and Ma, see [1] and [2] for absolute and relative BC, respectively. 

In this work we prove the following extension of the Cheeger Muller theorem, where CW is 
the cone over W (see Section 12.41 for details) and where the usual R torsion is replaced by the 
intersection torsion It defined by A. Dar in [6] (see Section [3~4l for details). The proof follows at 
once from the formula for the analytic torsion given in Theorem 12. II in Section [2.41 and the duality 
formula for the intersection torsion proved in Proposition 14. II in the last section. Since the metric 
on CW is fixed by the metric of W, and the unique representation of the fundamental group is the 
trivial one, both these quantities will be omitted in the notation. 

Theorem 1.1. Let (W, g) be a compact connected oriented Riemannian odd dimensional manifold 
without boundary. Then. 

log T abs (CW) = log It r (CW) + A BM ,MW), 
logT rol (GW) = log It r (CW, dCW) + A BM , Tcl (W). 

If the dimension of W is even, results for the analytic torsion (see [13]) exist and results for the 
duality of the intersection R torsion are given in the last section of this work. However, as observed 
in [14], some extra term in the analytic torsion appears, and the extension of the Cheeger Muller 
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theorem depends upon a geometric interpretation of such term. Since this is not clear yet, we prefer 
to omit not illuminating formulas. 

We conclude with two remarks. First, we observe that the result of this work will give the 
extension of the Cheeger Miiller theorem for a general space with conical singularities (as define in 
[4]) once it will be available a suitable gluing theorem, extending the one a for product metric near 
the boundary, proved by S.M. Vishik in [25]. Such a theorem is probably contained in the work to 
appear of Bruning and Ma [2j. Second, since in general pseudomanifold are modeled on cones, a 
generalization of the result of this work for a cone over a pseudomanifold could be used to obtain 
a generalization of the Cheeger Miiller theorem for pseudomanifolds. There are works in progress 
in these directions. 



2. Analytic torsion 

This section is essentially based on [T3] and [T3], and we refer to those papers for further details. 

2.1. Geometric setting. Let (W,g) be a compact connected oriented Riemannian manifold of 
dimension m with boundary dW and Riemannian structure g. Let p : ir%(W) —> 0(k,K) be a 
representation of the fundamental group of W, and let E p be the associated vector bundle over 
W with fibre R fc and group 0(k,H), E p — W x p R k . Let Q(W,E p ) denote the graded linear 
space of smooth forms on W with values in E p . The exterior differential on W defines the exterior 
differential on tt q (W,E p ), d : tt q (W,E p ) -> Q, q+1 (W,E p ). The metric g defines an Hodge operator 
on W and hence on Cl q (W,E p ), * : tt q (W,E p ) -> n m ~ q {W, E p ), and, using the inner product (_, .) 
in R fe , an inner product on f2 9 (W, E p ) is defined by 

(u,r)) = / (wA*7?). 
Jw 

Near the boundary there is a natural splitting of AW as direct sum of vector bundles AT*dW © 
N*W, where N*W is the dual to the normal bundle to the boundary, and the smooth forms on 
W near the boundary decompose as ui — ui tan + w norm , where w norm is the orthogonal projection 
on the subspace generated by dx, the one form corresponding to the outward pointing unit normal 
vector to the boundary, and ui tan is in C°°(W) <X> A(dW). We write uj — ui\ + dx A u>2, where 
uij e C°°{W) ® A(dW), and 

-ku>2 = —dx A -kui. 
Define absolute and relative boundary conditions by 

-Babs(^) = ^normldW = U 2 \dW = 0, B IC \(bj) — iO tan \dW = ^l\dW = 0. 

Let B(uj) = B(uj) © B((d + d^)(u)). The adjoint d) and the Laplacian A = (d + d^) 2 operators 
are defined on the space of sections with values in E p , the Laplacian with boundary conditions 
B(uS) — is self adjoint, and the spaces of the harmonic forms with boundary conditions are 

{ujen q (W,E p ) I A (9) w = 0}, 
{uj g n q (W,E p ) I A^oj = 0,B abs (w) = 0}, 
{u e n q (W,E p ) I A^u = 0,B Ie i(u) = 0}. 



H q (W,E p ) = 
K bB (W,E p ) = 
HUW,E P ) = 
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2.2. De Rham maps. Let K be a cellular or simplicial decomposition of W and L of dW . Then 
we have the following de Rham maps A q (that induce isomorphisms in cohomology), 

A* :Hl hs (W,E p ) -> C q (W;E p ), A q rel M q iel (W,E p ) -+ C q ((W,dW);E p ), 

with 

A q (oj)(c® p v) =^(u)(c®p«) = / (u,v), 



where c® p v belongs to C q (W; E p ) in the first case, and belongs to C 9 ((W, dW); E p ) in the second 
case, and c is identified with the q-subcomplex (simplicial or cellular) that c represents. Following 
Ray and Singer, we introduce the de Rham maps A q : 

Af :H q cl (W, E p ) C q ((W, 8W);E p ), Af :w * (-!)(— D*^ 1 A^ * (w), 

both defined by 

(2.1) Af»(u>) = Af{u) = (-1)(—D« £ ^ jf e ^ C?J ® p e 4 , 

where the sum runs over all g-simplices c g .j of W in the first case, but runs over all g-simplices c q j 
of W — dW in the second case. Here V q : C q (K, L; Z) — > C m ~ q (K ~ L; Z) is the Poincare map, and 
c denotes the dual block cell of c. 



2.3. Zeta function and analytic torsion. The Laplace operator on forms A^ , with boundary 

Aq) 

abs/rcl 



conditions 2? a bs/rch has a pure point spectrum SpA^ s , rel consisting of real non negative eigenvalues. 



The sequence Sp + A^ s / rcl is a totally regular sequence of spectral type accordingly to [T3] Section 
4, and the forms valued zeta function is the associated zeta function, defined by 

C(*, A^ s/rcl ) = C(s, S P+ Ag B/rel ) - E A ~*' 

when Re(s) > and by analytic continuation elsewhere. The analytic torsion T a b s /roi((W / 7 5); p) 
of (W, 3) with respect to the representation p is defined by 

logT abs/rcl ((^, 3 ); P ) = -E(-l) 9 9C'(0,A^ s/i . ol ). 

9=1 

2.4. The analytic torsion of a cone. Let (W, g) be an orientable compact connected Riemannian 
manifold of dimension m without boundary and with Riemannian structure g. We denote by C{W 
the space ([0, 1] x W)/({0} x W) = (0, I] x WU {p}, where p is the vertex of the cone, i.e. the image 
of {0} x W under the quotient map, with the metric 

gc = dx® dx + x 2 g 1 

on (0, /] x W, and we call it the finite metric cone over W (see Q3] 3.1 for details). The analytic 
torsion of a cone over a sphere (i.e. W = S rn ) was studied in [13 . The result is based on one side 
on works of J. Cheeger on the Hodge theory of L 2 forms [4] [5] [21], and on the other on works of M. 
Spreafico on zeta invariants for double sequences [24] [25] [26] [27]. In the general case, extending 
the approach used for the spheres in [13], we have the following result: 
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Theorem 2.1. The analytic torsion of the cone C{W on an orientable compact connected Rie- 
mannian manifold (W, g) of odd dimension m — 2p — 1 is 

logWC, W, g c ) =\ J2(^) q+1 ^H q (W; Q) log ^E-A + I hgT(W, l 2 g) + S(dQW), 

where the singular term S(dCiW) only depends on the boundary of the cone: 

S(dQW) = £Res *aW») f ~*~/) £(-!)" CU* W ) (<Z ~ P + l) 2( ^ fc) , 

(the functions $2fe+l,g( s ) are so^e universal functions, explicitly known by some recursive relations, 
and A is i/ie Laplace operator on forms on the section of the cone) and coincides with the anomaly 
boundary term of Brilning and Ma, namely S(dCiW) = ABM.abs(dCiW) . 

The proof of Theorem 12.11 is based on analytic tools and is essentially the same as the proof of 
similar results for the spheres given in [T3]. In the general case treated here, using the same method 
and a similar strategy, we just need to solve several technical problems, that can be quite hard, and 
require long difficult analysis. Thus, we present here a condensed version of the proof to make this 
work self consistent, all details will appear somewhere else (see also the online preprint Q3]). The 
proof consists of the following six steps. 

2.4.1. The spectrum. Using the explicit form for the solutions of the eigenvalues equation for the 
Laplace operator on forms A on the cone CoaW given in 0] (see also jH]), and applying BC at 
x = I, we prove that A has a semi bounded self adjoint extension with pure point spectrum |14| 
4.3: 

S P+ A ibs = {™ccx,,,n ■ $2, iB ,a„k/* a } B fe=1 U {"W 9 -i,„ : ^„_ 1 , n , Q9 _ 1 , fc A 2 } n fe=i 

( -\ CO f -i OC 

U \ m cex ,g-i,„ : jl q _ Un , k /l 2 \ U \ m g -2,n : 3^ >n ,kl l \ 

U (TOhar, 9 ,o : j\ aq \, aq ,k/ l2 ] k=1 U {m har , g _i, : jf Qg _ 1 |, Q ,,fc/' 2 } fc=i , 

where the j^k are the zeros of the Bessel function J^x), the j^ck are the zeros of the function 
Jfi,c(x) = cJ^(x) + xJ'^(x), ceR. 

Otq = -(l + 2q — m), H q , n = ^Aq.n + Q'q, 

and m.har,9,Ti, 'Ticox.q.n denote the dimensions of the eigenspaces of an orthonormal base of L(W r , A^T* W) 
consisting of harmonic, coexact and exact eigenforms of the restriction of the Laplace operator A 
on W, associated to the eigenvalue A 9iIl . A similar result holds for relative BC. 

2.4.2. The torsion zeta function. We define the torsion zeta function by 

, m+l 
-3=1 

so that logT a b s / re i(CzVF) = i a b s / re i(0)- The first result is Poincare duality for the analytic torsion 
of a cone [14] 5.1: 

logT abs (CW) = (-l)" l logT rc i(G^). 
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Next, we show that the torsion zeta function simplifies as |14j 6.1 (we assume from now on 
m = 2p — 1): 

72s p-2 / oo 

t( S ) = Y j2(-ir [ £ ^ 9 ,n(^ 1 *-t fc a : I „ fI *-e,-a,,* 

9=0 \n,fc=l 

,2s / oo \ 

\n,fc=l / 
,o„ p— 1 oo 

Et-^^w^E^U* 



2 

9=0 fc=l 



We set 



Z «( S ) = E m cc^q,nj^^ k , Z q {s)= ™ce X ,g,n(j^,„,fc)~ 



(2.2) 



-2s 

"•cex,g,nU fj, q ,„,kJ i 
,fc=l n,/c=l 



Zq,±{s) = J2 m ccx,g,n^ i±ct9ifc , «,(«) = E (j-a'-i,* ~ 3-a„ 
n,k—l k—1 

for < q < p — 1 , and 

= Z P -i(s) - z p-i( s ), 
t q (s) = 2Z g (s)-Z qt+ (s)-Z q ^(s), 0<q< P -2. 

Then, 

72s P- 1 72s P- 1 

9=0 9=0 



fe < 



and 



logTidW) = 1/(0) (j2(-l) q+ \z q (0) + £(-l)%(0) 



(2.3) " V9= ° 9=0 7 

+ 2 E(- 1 ) 9+1 ^4(°) + E(- 1 )%(°) . 

Vg=0 9 =0 / 

where r q = vkH q (dCiW\ Q), and in order to obtain the value of \ogT(CiW) we need to study the 
derivative at zero of the zeta functions appearing in equation (|2.2p . 

2.4.3. Zeta determinants. We use the method of [24] [27]. In particular we apply Theorems 1 and 2 
of [13] and we refer to Section 4 of that paper or to Section 3 of [14] for details. We recall some basic 
facts for the reader benefit. Let S = {a n }^—i be a sequence of non vanishing complex numbers, 
ordered by increasing modules, with the unique point of accumulation at infinite, finite exponent 
of convergence and genus g(S), and contained in some positive sector of the complex plane. The 
zeta function associated to S is (analytic extension is assumed where necessary) 



c(*,s) = E 



n=l 
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and the Gamma function associated to S is 



1 / _\\ v^g(g) (-1) J (-W 



r(-A,5) n(!+- 



e 



n=l 

Next, let S — {A„.fc}^° fc=1 be a double sequence of non vanishing complex numbers with unique 
accumulation point at the infinity, finite exponent and genus. S is said spectrally decomposable 
over some simple sequence U — {w n }^Li if some conditions are satisfied [13] Definition 1. If this 
is the case, then, by definition, the logarithmic T-function associated to S n /u* has an asymptotic 
expansion for large n uniformly in A, of the following type (k > 0, and S n denotes the subsequence 
with fixed n) 

t L 

\ogT{-\u-*S n ) = 5> CTh (AK; ffh +^P„(%-« \ogu n + o(u- r "), 

h=0 1=0 

where ah and pi are real numbers with ctq < ■ • ■ < o~i, Pa < ■ • ■ < PL, the P Pl (A) are polynomials in 
A satisfying the condition P Pl (0) = 0, i and L are the larger integers such that a a < ro and pL ^ tq. 
Moreover, for all n, we have the expansions [27] 3.5: 

togr(-A,S n /0~5>«,,o,n(-A) a '+ E afc,i,n(-A) fc log(-A), 
^,(A)~E 6 ^.o(- A ) a '+ E ^,M(-A) fe log(-A), 

3=0 fc=0 



for large A. Setting (Ag )C = {z € C | | arg(z — c)| = |}, oriented counter clockwise): 

f°° i /■ -At 

*«*(*)=/ t s - 1 — / — ^(AJdAdi, 
2tti y Aj)iC -A 

oo / £ \ 

(2.4) 4>,o(«) = E a o.o,™ - E h °H,o,a u n° h \ 



n=l \ h=0 



= E " E b °H,3A U n ah U n KS , < j < P2, 

n=l V fc=0 / 

and assuming that the functions $>a h (s) have at most simple poles at s = 0, then ([27] Theorem 
3.9, [T3] Theorem 3) £(s, S) is regular at s = 0, and 



C(o, 5) = - A),i(o) + -E Res i $ -<» Res i C( s > t7 )> 

(2.5) C'(0, S) = - A .o(0) -A' 01 (0) + ly2 Res i ( s ) Res i C( s ' u ) 

1 e 1 I 

+ - V Res (s) Resi C(s, C/) + V Resi $ CTh (s) Res CO, U), 

K < ' n ^ — ^— ' n ^ — 



/i— ft— 



where the notation means that only the terms such that £(s, U) has a pole at s = tr/j appear in 
the sum. Moreover, the result extends in the expected way for a finite linear combination of zeta 
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functions, with weaker hypotheses on the individual functions (see [12] Corollary 1, J3] Corollary 
2.1). It is now clear that we will obtain a formula for the torsion of the cone applying these 
formulas to the zeta functions defined in equation (|2.2[) . We describe the idea for the function t q , 
< q < P — 2; the other case is similar, up to technical difficulties. 

2.4.4. The functions t q . To study these functions we consider the double sequences S q = {m qn : 

jl q , n ,k)n,k=i and S i,± = i m q,n ■ ^,,„±a,,fe}^fc=i' since we have that Z i( s ) = COA)> Z q ,±(s) = 
C(s, S qt ±), where q — 0, 1, ... ,p — 2, a q = p — q — 1. First, we prove [14] Lemma 5.2 that these 
sequences are spectrally decomposable with respect to the sequence U q — {m q _ n : ^ q , n }^=i, that is 
a totally regular sequence of spectral type with infinite order, g(U q ) — 2p — 1, and satisfies 



In particular this shows that the possible poles of ((s, U q ) are at s = 2p — 1 — h, h = 0, 2, 4, . . . , 
and the residues are completely determined by the residues of the function C cex (s, A^). Second, 
we introduce the functions 

Jv,c( Z ) = c Jv( z ) + Z -K( z )- 
Recalling the series definition of the Bessel function, and the Hadamard factorization theorem, 
we have a product expansion for J,y, c (z), and setting [13] 

we have 



I Ut±ag (z) = ±a q I v (z) + zl' v (z) = (l ± -f) II ( 1 



7 2 



k=l 1 

This formula provides the following representation for the logarithmic Gamma function associ- 
ated to the sequence S q .±. n 

io g r(-A,s 9 ,±,„) 



(2.6) 



= ~ l°g^,,„,±a,(v-A) +/i 9: „log V-A - /i g ,„log2 - logF(^ 9i „) + log f 1 ± ■ 

Using the known uniform asymptotic expansions for the Bessel functions and the Gamma func- 
tion, the formula in equation (|2.6[) permits to prove that the sequences S q ,± are spectrally decom- 
posable over the sequence [/, and to compute all the relevant parameters. Then, in particular, there 
exists the following asymptotic expansions for large n, uniform in A, 

2 b g r(-A, s q jnl J - log r(- a, s g ,+, n //£») - lo § r (- A - s*,-,Jnl n ) 

= - Slog/^Glig.nA/^) + \0gI t _ lq n , aq (^ n \/~^\) + log (/J.^n^X) 

-21og/i g ,„ - log 1 ^- ) 

2P" 1 1 / 1 

= log(l-A)+ V0 M (A)— +0' 



The relevant functions in this formula are the function <f>j q . The main information about these 
functions is: for all j and all < q < p — 2, 4>j, q {0) = 0, and Resi s=0 $2j+i, q {s) = [H] Lemma 
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5.6, Corollary 5.1. This information allows to determine the functions ^4o,o,<3 & n d A o,i,q appearing 
in equation (|2.4p . we obtain [14] Lemma 6.14: for all < q < p — 2, 



A,0,g(s) = 2A , , g (s) - A 0>0 , g ,+ (s) - A 0>0 , g ,-(s) = - ^ log I 1 

n=l \ 

A,l,g( S ) = 2A 0,l,q( S ) - A 0,l,q,+ { S ) ~ A 0,l,q- ( S ) = C(2s, Ug). 

We have now all the ingredients necessary to apply the formulas in equation (|2.5|) . We decompose 
the result in two parts: the part coming from the sums is called singular, the other regular. Then, 
for < q < p - 2, 

t,(o) = ^rcg(o) + ^,si„ g (o), f q (o) = i; reg (o) + t; sing (o), 

where 

W(0) = -f (0, U q ) = -Cccx (0, AW + a*) , i g ,si„ g (0) = 0, 

Cc S (°)--Vo(o)-i; A i(o), 

p— l p— l 



1 1 / 

./-ng(0) = ~ VRcs $2 J+ i, 9 (s) Resi C(*,C 9 ) = oT]Reso$2i+i, g (s) Resi Ccex ( 7j, A (?) + a£ 



2.4.5. XTie torsion. An analysis similar to the one of the previous section produces similar results 
for the function Collecting the two sets of results, and studying the zeta functions involved, 
we have [14] Lemma 7.2 

= -Cccx(0,A^), <q <p-2, 

W°) = -Cccx(0,AM), 0<g<p-2, 

ip-l,re g (0) = ~Cccx(0, A^ 1 '), ^-r.regCO) - ~Cccx(0, A^" 1 )). 

Next, recalling equation (12.31) . and splitting the regular and the singular part, we see that the 
singular part is already in the final form of the statement of the Theorem 12. II [T4"] Proposition 7.1. 
For the regular part, some further manipulation is necessary. From one side, using classical zeta 
function theory (see for example [23]): for all < q < p — 1, 

**(0) = ~, 4(0)=log2 + log(p-g). 

From the other, using Hodge duality we have formula for the torsion where only coclosed eigen- 
values appear. This facts produce the formula as stated in Theorem 12. 11 and conclude the proof of 
the first part of the statement [2] Proposition 7.2. 

2.4.6. The boundary term. To conclude the proof of Theorem 12. 1[ we need to show that the bound- 
ary term S(dCiW) coincides with the anomaly boundary term A a b s ,BM(W0- In [E] Section 6, it 
was proved that this is true for W a odd low dimensional sphere. The proof is by direct verification 
that the two terms coincide. We have a similar proof for any odd dimensional sphere. We also have 
a direct proof when W is any odd low dimensional manifold. The last proof is based on explicit 
knowledge of the coefficients in the asymptotic expansion of the heat kernel, given in works of 
P. Gilkey [8] [14] Section 7. All these proofs are superseded by the following general proof, that 



AN EXTENSION OF THE CHEEGER-MULLER THEOREM FOR A CONE 



9 



however is based on an indirect argument. Again we refer to |14j Section 8 for details. Consider 
the conical frustum CVyw = [li, l%] x W with basis W (0 < l\ < I2), and metric 

qf = dx (g) dx + x 2 g. 

It is clear that (Crj 1) ; 2 iW, gp) is a Riemannian manifold with boundary d(C<i lt i 2 i, gp) = d\ U 82- 
Using classical duality for analytic and R torsion [2] Section 7, or using the formula for analytic 
torsion on manifold with boundary and mixed boundary condition proved in [5] (the paper is to 
appear, we thank the author for making kindly available this result to us), we obtain 

logT rc i ai , abs d 2 (C [hM W) = 2A BM ,M9CiW). 

On the other side, we compute the analytic torsion by the same means used in the previous 
sections to compute the analytic torsion of the cone. Calculations are essentially similar, and 
solving some technical difficulties, we obtain 

l0gT re l 8 liabs d 2 (C[hM W ) = 2 log T abs , sing (CW) = 2S(dClW), 

completing the proof of Theorem 12.11 

3. INTERSECTION TORSION 

Intersection torsion for pseudomanifolds was introduced in works of A. Dar [B] [7]- In these 
works the case of pseudomanifolds without boundary is considered, and in general all intersection 
homology theory is developed for the boundaryless case. Here we need to consider the boundary 
case, but a particular situation where the boundary is in fact a smooth manifold, disjoint from the 
singular locus. In this particular case it is easy to rework all definitions and the main results of the 
boundaryless case, as expect. This is the purpose of this section. 

3.1. Pseudomenifolds with smooth boundary. We define pseudomanifolds with smooth bound- 
ary adapting the definition of pseudomanifolds of [9] 1.1, [12] 1, [16] 4.1. If X is a topological space, 
we denote by CX the cone over X. By definition the cone and the open cone over the empty set are 
a point. A topological pseudomanifold of dimension is a countable set with the discrete topology. 
A topological pseudomanifold of dimension n with smooth boundary is an Hausdorff paracompact 
topological space X with a filtration by closed subspaces 

= X-i C Xq C X\ c • • • C A„_3 C X n -2 = X„_i = Sc X n = X, 

called stratification, such that: (1) X — £ is dense in X; (2) there exists a closed subspace B of X, 
with BOH — 0, such that M = X — £ is an n- manifold with boundary dM = B, and for each 
j < Ti — 2, for each point x G Xj — Xj_i there exists a compact topological pseudomanifold L of 
dimension n — j — 1 with filtration 

= £-1 C L C Li C • • • C L n _j_3 = L n _j_2 C L n _j_i = L, 

and a neighborhood U x of a; in A with an homeomorphism <p : U x — ¥ MP x CL, which respects the 
stratifications, namely tp maps homeomorphically U x D Xj+^+i onto R J x CL^. 

The closed subspace £ = X n _ 2 is called the singular locus of X. It is a consequence of the 
definition that each subspace Xj — Xj-i is a manifold of dimension j with boundary, and, by 
condition (2), the boundary of X is disjoint from the singular locus. When the singular locus has 
dimension 0, then a stratification of X is 

= X_! c £ = X = X 1 = ■ ■ ■ = X n _i c A, 
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and A is called a space with isolated singularities. In this work we are mainly concerned with this 
type of pseudomanifolds. If A is a manifold with boundary, then X is a pseudomanifold with a 
stratification consisting with only one stratum X. For our purpose it is sufficient to work in the 
piecewise linear category, as in [9]. A piecewise linear (pi) space X is a topological space with 
a class of locally finite simplicial triangulations T(X): if T 6 T then any (linear) subdivision of 
T belongs to T(X), and it T1.T2 £ T(X), then they have a common subdivision in T(X). A 
closed pl-subspace of A is a subspace which is a subcomplex of a suitable admissible triangulation 
of X. We will identify a triangulation of a space with the associated simplicial complex. A pi- 
ps eudomanif old X of dimension n with smooth boundary is a pl-space X of dimension n containing 
two closed disjoint pl-subspaces dX and E, with E of codimension greater or equal to 2, such 
that X — E is an oriented pl-manifold of dimension n dense in X and with smooth boundary 
dX. Equivalently, for an (admissible) triangulation of X, then X is the union of the closed n- 
simplices and each (n — l)-simplex is face of one or two rt-simplices, and dX is the subcomplex of 
the (n — l)-simplices that are faces of just one n-simplex. By the same proof as in [12] Prop. 1.4, 
any pl-pseudomanifold with smooth boundary admits a pl-stratification: a stratification of X is 
given by setting Xk = where T is an (admissible) triangulation of X, and this stratification 

is subordinate to the triangulation, meaning that the strata are subcomplexes. 

From now on we assume pseudomaniofolds are finite pl-pseudomanifolds, that pl-pseudomanifolds 
have a fixed stratification (the previous one if a triangulation is given) , and that all triangulations are 
admissible, i.e. compatible with the pl-structure. Our definition of pseudomanifold with smooth 
boundary is consistent with the definition of pseudomanifold with boundary of [5] 5.2, taking a 
manifold for boundary, namely assuming the singular locus of the boundary vanishes. 

3.2. Intersection homology and relative intersection homology for pseudomanifolds 
with smooth boundary. Let first recall the basic ingredients for the definition of intersection 
homology, as in [9]. A perversity is a finite sequence of integers p = {Pj}™ = 2 such that P2 = and 
Pj+i = Pj or pj + 1. The perversity: m = {rrij = [j/2] — 1} is called lower middle perversity. The 
null perversity is 0j — 0, and the top perversity is tj = j — 2. Given a perversity p, the comple- 
mentary perversity p c is p^ = tj — pj = j — pj — 2. Now let A be a pseudomanifold with boundary 
and with a given stratification. If j is an integer and p a perversity, a pl-subspace A of X is said 
(p, j)- allowable if 

dim(A)<j, dim(A n A„_ fe ) < j - k +p k , Vfc > 2. 

In standard references intersection homology is usually defined for pseudomanifolds without 
boundary, and relative intersection homology for pairs (A, A) where A is an open subspace of a 
closed pseudomanifold. In order to extend the definition to pseudomanifolds with smooth boundary 
we have, at least, two possible equivalent approaches. The first approach is based on j!8j . and use 
smoothly enclosed subspaces, as follows. Glue the infinite cylinder dX x [0, 00) to A through the 
boundary, let Z = X Ugx dX x [0, 00). Embed Z into the suitable R fc = fc i+' c 2 ) in such a way that 
i{dX) = i{X)C\R kl x{0,...,0}, i(E) c{i€ R k \ Xj > 0,Vj > fci} = !R fel x K/j 2 — R kl x {0, . . . , 0}, 
and i{dX x [0, 00)) C {x e R k | Xj < 0, Vj > hi} = !R, fel x IR/! 2 , where i denotes the embedding. Then 
a Whitney stratification of R k is given by setting Zq = R fc — i(Z), Z\ = i(X— E), Z^ = i(Xk~ Xk-i) 
for fc > 2 (see [U: Section 7.1.2), and i(X) is the closure of Z x . The subsets S± = R kl x are 
smoothly enclosed in R n , as in the definition of Section 1.3.2 of [18]. Now (identifying the different 
spaces with their images under i) it is clear that 5+ n Z = X. By definition [18] Section 1.2.3, 
A is smoothly enclosed in Z, and dX = {S- flZjfl (5+ fl Z) = (S- n Z) n A is the intersection 
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with another smoothly enclosed subset of Z. It follows from [IB] Section 1.2.3 that both the 
intersection chain complex I P C(X) of X, and the relative intersection chain complex I P C(X, dX) 
of the pair (X, dX) are defined, the first as in the boundary less case, the last one by setting 
I p C q (X, dX) = I p C q (X)/I p C q (dX). The intersection homology groups are the homology groups 
of I P C(X), and the relative intersection homology group PH q (X, dX) of the pair is defined as the 
g-homology group of the chain complex I P C(X, dX). Moreover, there is the following homology 
long exact sequence associated to the pair (X, dX) (see also [10] 1.11): 

... ->■ I p H q {dX) ->■ PH q (X) -> PH q (X,dX) PH q _i(dX) ->• .... 

The second approach proceeds as in [TT] 1.4, and consists in replacing the pseudomanifold X with 
boundary dX by the pseudomanifold X—dX. For let X be a pesudomanifold with smooth boundary 
dX. Let Col(dX) be an open collar neighborhood of dx. Then, X — dX is a pseudomanifold, with 
open subspace Col(dX) ~ dX, and usual intersection homology theory and relative intersection 
homology theory are defined for X - dX, and (X - dX,Col(dX) - dX), p] 1.3 [E] 4.6. Since 
the boundary is disjoint from the singular stratum, there exists a stratum preserving homotopy 
self equivalence X ~ X — dX, and the same for the pair (X, dX) ~ (X — dX, Col(dX) — dX), as 
defined in [16] 4.8. It follows by [16] 4.8.5, that I p H q {X) = I p H q (X - dX), and I p H q (X,dX) = 
I p H q {X - dX, Col(dX) - dX). 

We recall now the definition of the intersection homology chain complex and groups, as in [9]. 
Let T be an (admissible) triangulation of X such dX is triangulated by a subcomplex L = dT of 
T. Let C T (X) = C(T) denote the chain complex of simplicial chains of X with respect to T. Let 
C(X) denote the direct limit chain complexes under refinement of the C T {X) over all triangulations 
of X compatible with the pl-structure. Since dX is pl-subspace of X, C T (dX) = C(L) is defined, 
and is a sub complex of C T (X), and the relative chain complex is also defined C T (X,dX) = 
C(T,L) — C(T)/C(L). The construction commutes with direct limit, and hence the C(X) and 
C(X, dX) are defined. The intersection chain group of perversity p, is the subgroup I p C q {X) of 
C q (X) consisting of those chains c such that \c\ is (p, q) -allowable and \dc\ is (p, q — l)-allowable. 
The relative intersection chain group of perversity p, is PC q (X, dX) = I p C q {X) / I p C q (dX), where 
I p C q {dX) = C q {dX) for each p, since dX is actually a manifold. The group I p C q (X)/ IPC q {dX) 
is the subgroup of C q (X, dX) consisting of those chains c in T that are not in L, such that \c\ is 
(p, g)-allowable and \dc\ is (p, q— l)-allowable. 

Intersection cohomolgy is defined as the algebraic dual of intersection homology (see for example 
[16] 4.2.8). Poincare duality is recovered for pseudomanifolds using intersection homology: with 
coefficients in a field, when dX = 0, there is an isomorphism [9] 3.3 

(3.1) IV : I p H q (X) -> p c H m - q (X). 

For a pseudomanifold with (smooth) boundary, the duality reads [28] 

(3.2) IV : PH q {X) -> p c H rn - q (X, dX). 

3.3. Basic sets. In order to define intersection torsion and relative intersection torsion, we in- 
troduce some chain complexes of free modules. Let X be a pseudomanifold of dimension n with 
smooth boundary, and fixed stratification. First, we define the basic R sets as in [9] 3.4. Let T be a 
triangulation of X compatible with the filtration. Let R p be the subcomplex of the first barycentric 
subdivision T 1 of T consisting of all simplices which are (p, g)-allowable. Then, R p is a subcomplex 
of the q-skeleton of T' , It is clear that R p is a subcomplex of R q+ i- Define the complex C P (X) by 
setting 

CP(X) = ff ? ( J RP,^_ 1 ), 
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and boundary defined by the homology long exact sequence of the pair (PP, pP^). This is a free 
abelian group generated by finitely many chains with contractible support. So C P (X) is in one one 
correspondence with the group of simplicial q-chains c q with \c q \ C P^, and \dc q \ C Pj? v The 
homology of C P (X) is canonically isomorphic to lm(H q (RP) — > H q (R p q+1 )). By [9 3.4, there is an 
isomorphism <f : lm(H q (RP) H q (R p q+1 )) = I p H q (X). For this is stated, without proof, in [5] 
3.4, however, if in the present case we remove the boundary, we obtain the isomorphism for the 
pseudomanifold X — dX, and it is clear that the groups at the two sides of the isomorphism are 
the same for X and X — dX, since the singular locus is disjoint from the boundary. Also note that 
the isomorphism is natural, that is to say is induced by the inclusion of R p into T' . This is clear 
from the construction of the similar isomorphism called 'J for the basic sets Q in [9] 3.2. 

Let PP = R p q+1 n L. Then, P p is an R set PP of dX, and dim(pP) =q-l. Actually, P p = L' (q) is 
the g-skeleton of L'. For dX is a manifold and hence all the simplices of any triangulation of dX are 
allowable for any perversity. Define the chain complex C p (dX) as above. Then, the homology of 
C p (dX) is canonically isomorphic to lm(H q (P p ) — » H q (P q+1 )), and there is a natural isomorphism 
Im(P g (PP) -> H q (P p +1 )) ~ I p H q {dX) = H q (dX), that is the restriction of 

Next, we deal with the relative chain complex. We define the complex C P (X, dX) by setting 

C p (X, dX) = H q (R p U L', P^ U L'), 

and boundary defined by the homology long exact sequence of the pair (P£ U L', R q _ 1 U L'). This 
is a free abelian group generated by finitely many chains with contractible support, and is in 
one one correspondence with the group of the simplicial q-chains c q with the interior of \c q \ C 
PP - (PP n L'), and the interior of \dc q \ C R p q _ 1 - (R q _ 1 n L'). It is possible to show that the 
homology of C m (X, dX) is canonically isomorphic to Im(i" „ : H q {R p U L') — > H q (R q+1 U L')), and 
that Im(i^ : H q (R p U V) — s- H q (R q+1 U L')) is isomorphic to the relative intersection homology 
of the pair (X, dX), 



3.4. R torsion. In order to define intersection torsion we briefly recall the definition of the torsion 
of a chain complex. We follows the classical definition of Milnor [19] . but with a little change of 
notation. Let P be a ring with the invariant dimension property, and M a finitely generated free 
(left) P-module. Let U be a subgroup of the group P x of units of P, and let Kjj(R) = Ki(R)/U 
denotes the quotient of the Whitehead group of P by the subgroup generated by the classes of the 
elements of U. Let x — {xx, • ■ • , x n } and y = {yi, . . . , y n } be two bases for M. We denote by (y/x) 
the non singular n-square matrix over P defined by the change of bases (j/j = ^2 k (y / 'x) jkXk) , and 
we denote by [y/x] the class of {y/x) in the Whitehead group Kjj{R). Let 

„ gm n Bm-l d 2 „ gl n 

G : o m s- o m _i >■ ■ ■ ■ >■ Oi >■ oo, 

be a bounded chain complex of finite length m of (finite dimensional) free left P-modulcs. Denote 
by Z q = kei(d q : C q -> C,_i), B q = lm(d q+ i : C q+ i -> C q ), and H q (C) = Z q /B q the homology 
groups of C. Assume that all the chain modules C q have preferred bases c q = {c q> x, . . . , c qt m q }, and 
the homology modules H q (C) are free with preferred bases h q . Also assuming that the boundary 
modules B q are free with preferred bases or using stably free bases, we fix a set of elements b q = 
{b qi i, . . . , d qtnq } oiB q such that d q (b q ) is a basis for B q _i for each q (in other words we are choosing a 
lift of a basis of P 9 -i). Then the set {d q+ i(b q+ i), h q , b q } is a basis for C q for each q. The Whitehead 
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torsion of C with respect to the basis h = {h q } is the class 

m 

rw(C; h) = J2(-m(9 q +l(b g+ i), h q , b q /c q )}, 

q=0 

in the Whitehead group Kjj(R). The definition is well posed since it is possible to show that the 
torsion does not depend on the bases b q . If K is a connected finite cell complexes of dimension 
m, with universal covering K, identify the fundamental group 7r = ttx(K) with the group of the 
(cellular) covering transformations of K, the action ir makes each chain module C q (K; Z) into a free 
module over the group ring Zir, finitely generated by the natural choice of the q-cells of K. Denote 
the resulting complex of free finitely generated modules over tt with preferred basis (obtained by 
the lifts of the cells) by C(K;1iir). If the homology modules H q (X;1m) are free with preferred 
basis h q , the Whitehead torsion of K with respect to the graded basis h is the class 

tw(K; h) = w(t w (C(K; Ztt); h)), 

of K v (1iTr). If p : 7r — > Autfl(M) is a representation of the fundamental group in the group of 
the automorphisms of some free right module M over some ring with unit R, we form the twisted 
complex C(K; M p ) of free finitely generated i?-modules, by setting 

C q (K; M p ) = M ® p C g (K; Zrr). 

Fixing a basis m for M, bases for these modules (and for cycles and boundary submodules) are 
given by tensoring with m. Assuming that the homology modules H q (C(K; M p )) are free with 
preferred graded bases h = {h q }, then, we define the R torsion tr(X; p, h) of K with respect to the 
representation p and the graded basis h to be the class of Tw{C(K; M p ); h) in Ki(1,AutA(M))/ p(ir). 
We have 

m 

r R (K; p, h) = J2(-mp(d q+ i(b q+ i),h q , b q /c q )}. 

q=0 

By the same procedure we define the relative R torsion of the pair (K,L), and we write 
tr((K, L); p, h) = Tw(C((K,L);M p );h). In particular, if (W,g) is a compact connected oriented 
Riemannian manifold, and p is an orthogonal representation, we use the de Rham maps of section 
I2.2l in order to fix the basis for the homology, following Ray and Singer [22]. We define the R torsion 
of (W, 5) by 

T K ((W,g);p) = TR(W;p,A(a)), 

where a is an orthonormal graded basis for the harmonic forms. It is possible to prove that the 
definition does not depend on the basis a. Relative R torsion for a manifold with boundary is 
defined accordingly. 

Let X be an m-pseudomanifold with smooth boundary, let T be a triangulation of X such that 
the boundary dX of X is a subcomplex dT of T, and let T be the universal covering complex 
of T, and dT the lift of dT. Let .RP be the lifts of the basic sets R? to f, and identify the 
fundamental group n = tti(X) with the group of the covering transformations of T. Note that 
covering transformations are simplicial, so if we set C^(X) — H q (RP, Rg_x), the action of the group 
of covering transformations group makes each chain group C^(X) into a free module over the group 
ring Z71", and each of these modules is finitely generated by fixing lifts of the natural choice of the 
q-chains that generate C£(X). We obtain a complex of free finitely generated modules over Zir that 
we denote by C P (X; lift), with preferred basis. The same procedure applies for the relative chain 
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complex C p (X,d~X) = H q {R p \J&T' ^Rl^U&T'), and gives the Z7r-complex C P ((X, dX); Ztt), with 
preferred basis obtained by lifting the chains whose supports do not intersect the boundary. 

Assuming that the homology modules H q (C p (X;Zn)), H q (C p ((X,dX);ZTr)) are Z7r-free with 
preferred graded bases h = {h q }, we define the intersection Whitehead torsion of X and the relative 
intersection Whitehead torsion of the pair (X, dX) with respect to the graded basis h to be the 
classes 

It^(X; h) = t w (C p (X; Ztt); h), Ir^((X, dX); h) = t w (C p ((X, dX); Ztt); h), 

in the Whitehead group Wh(iri(X)) = K„(Zn), respectively. Proceeding as in the smooth case, 
given a representation p of tti(X) we define intersection R torsion I p t r (X; p, h) — t^{C p {X] M p ); h) 
of X with respect to the representation p and to the graded basis h, and the relative intersection 
R torsion of the pair (X,dX), I p T R ((X,dX); p,h) = t w (C p ((X, dX); M p ); h). If in particular a 
Riemannian structure is defined on the non singular part of X, I? forms can be used to extend the 
construction of Ray and Singer and to define suitable de Rham maps from I? harmonic forms to 
intersection homology, and to fix the basis h [5J [5]. Note in particular, that the basis h fixed in this 
way is self dual, i.e. IV(h q ) is the algebraic dual of IV{h n - q ). We use the notation I p t r ((X, g); p) 
and I p t r ((X, dX, g); p) for the resulting torsions, and we define the intersection R torsion of X, 
and the relative intersection R torsion of {X, dX) with respect to the representation p by 

lM(X,g);p) = \ (l rn M(X,g);p) + I mC r R ((X,g);p)) , 

lTR{{X,dX,g);p) = 1 (l m T ll {{X,dX 1 g)-p)+I ma T K ((X 1 dX,g)-p)) . 

In all definitions, if X is an oriented manifold stratified with only one stratum X then we obtain 
the classical Whitehead torsion and the classical R torsion. 



4. Duality theorems for intersection R torsion of pseudomanifolds with smooth 

BOUNDARY 

We give in this section some duality theorems for the intersection torsion of a pseudomanifold 
with smooth boundary that extend the duality theorems of A. Dar [B] for the boundary less case. 
First, we need a lemma for the L 2 harmonics form on a cone in even dimension. The proof is 
analogous to the proof of the similar result given in Lemma 3.5 of |14) . and will be omitted. Then, 
we give some formulas for the torsion, that we use to prove the final duality results. 

Lemma 4.1. Assume dimW^ = 2p is even. Then (a q = l(l + 2q-2p)), 



n q (W), 0<q<p+l, 
{0}, p + l<q<2p + l; 

{0}, 0<q<p+l, 

| a .2a l _ l -l da . AyJ ( g -l) j¥? ( g -l) g U1-^(W)} , p+l<tf<2p+l. 



Lemma 4.2. Let W be a compact connected oriented manifold of dimension m without boundary. 
Let po : tti(CiW) 0(k, R) be the trivial orthogonal representation of the fundamental group. 
Then, 

2 log I p r R ( (CiW, g c ) ; po) = log tr ( (dd WJ 2 g);p )+ log I p t r <? E ); p ) + log r(S p m ) , 
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where r q = TaxikH q (W), and 



logr(5 2 Vi)=logr(5 2 m „l 1 ) 




logr(5 2 m p ) 
logr(S£) 



--x(W)\og2 + (-l)P log 0, 

-^x(w / )iog2-(-i) p i og ;*, 



Proof. Let Y.iW = (0,2/) x W U {po ; P2/} be the suspension of 1^, realized as the smooth gluing of 
two copies of CiW along the boundaries. Then, we have a short exact sequence of chain complexes: 



A formula for the torsion of an exact sequence of complexes is given by Milnor in [19] Section 3. 
In the present case, we can fix the chain basis of the middle complex consistently, using the basis 
determined by the simplices, and hence we have the following formula 



where the complex Sf n is defined by the exact long homology sequence associated to the exact 
sequence in equation (|4.1[) , that is the Mayer Vietoris sequence 



Sf n : PH q (dQW) PH q (QW) © PH q (dW) PH^W) ■ ■ ■ . 

More precisely, S p mM = PH q (W), S p mM+1 = PH q (CiW)®PH q (C l W) and<S^ 3g+2 = H q (^W). 



In order to compute the torsion of the complex 5^, we need the chain bases. These are the bases 
for the homology determined by the geometry using the de Rham maps as described in Sections 
12.21 and 13.41 We proceed considering the odd and the even case independently. 
Case m = 2p — 1. We first recall the intersection homology for the cone and the suspension with 
middle perversity. Since both spaces have isolated singularities, the unique value which imports of 
the perversity is the value m 2p = m 2p = p — 1. We have (see for example [9] 6, or [16] 4.7.2, 4.7.3) 



Note that, beside the homology, also the basic R set with the two middle complementary perver- 
sities coincide, by the very definition. This implies that the chain complex used in the definition of 
the intersection torsion for these two perversities coincide and therefore the torsions coincide. We 
proceed by taking p = m, and this will also cover the complementary case. 

Next, we determine the bases for the homology. We study the two cases q < p and q > p 
separately. When q < p, consider the following part of the complex 6> 2 l 



^ I m H g+1 (£iW) m PH q (dCiW) I m H q (dW) © PH q {CiW) I m H q {^iW) -5* • • • . 



(4.1) 



-> C p {dCiW) -> C p {CiW) © C p (CiW) -> C p (ZiW) -> 0. 



2\ogPT R ((C l W,g c );po) = \ogT R ((W,l 2 g);po) +logpT R ((Z l W,g s );p ) +logr(S p n ), 




and 
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The geometry implies that the homomorphisms d q +\ = d q are null, and using the previous 
results, all the vector spaces are isomorphic to V — H q (W), and the sequence splits as 

(4.2) - H q (dQW) = V^ I m H q (CiW) = V © I m H q {dW) =V ->■ I m H q (£iW) £* V . 

In order to fix the homology bases, let a q be an orthonormal base for T-L q (W, g). Then the norm 
of a q j with the metric I g is 

Jw Jw 
So a orthonormal base for % 9 (W, l 2 g) is 1 a q , and applying the de Rham maps we obtain 

2p — 1 — 2g 2p— 1— 2g 2p— 1 — 2g _-, 9 _ 1 _ 

Am 3 s(' 2 a 9,i)=^ 2 VsKj) = i 2 ^ A *l 2 fl( a ?,i) 

Then the basis for H q (dCiW) is ; 2p | 2 " A q , g (a q ). Next, consider the cone (CiW, gc)- By [14] 
Lemma 3.5, the constant extension of the forms in a q gives a basis for T-L q ahs {CiW). The norm of 
this basis elements is 



So an orthonormal base for T-L q (CiW) is y 2 p-2q ) ^ a i> anc ^' usm S duality (|3.2|) . 

/ / ^2p-2 9 \ -3 \ / /2p-2 9 \ ~3 / ;2p-2 9 \ ~| ^ 

Aq ' 9c [ \2p~^2q~ ) Gq ' 3 j = ) Aq ' 9c {aq ' ]) = \2p~2~q ) IVq " * sc (a?j) 



pp- 


-2q 


2p- 


2q 


l 2 P~ 


-2<Z 


2p- 


2q 


l 2 P~ 


-2q 


2p- 


2q 



V q A p q -kg (a q ,j 



p P -2q 

2p-2q 

•Aq,g(a>q,j)- 

This give the basis for I m H q {CiW,gc)'- ( ' 2 p_2g ) ^ ^?>g( a g)- Repeating the same process for 

y. q (T,iW) we obtain the basis of I m H q (T,iW): ^ 2 J_^" ^ 2 A q . g {a q ). We can now compute the 
determinants of the change of basis in the vector spaces of the sequence in equation (|4.2j) . At 

I m H q {dCiW) the determinant is 1, at I m H q (QW) © H q (QW) is (^iW) * and at ^ m #«(5W) 
is 2- r ~T . 

We consider now the case q> p. The relevant part of the sequence <S>2p-i rea ds 

>. I m H q+ i(EiWf q ^ H q {dCiW) — • • • 

Since the de Rham maps are self dual, as observed at the end of Section I3~4l and the intersection 
homology with perversities m and m c coincide, we can use duality (|3.ip to obtain the basis for 
J m H q+ i(EiW) starting with the basis for the same space obtained when q < p. This gives the 

basis ( - q+ i* p J 2 •A.q.gio-q) for I™" H q+ i(EiW). Using the basis fixed above for the other space, 
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the determinant of the change of basis at H q (dCiW) is 1 and at I m H q +i(YjiW) is ^ g+1 _ p ) • Now 
applying the definition of Reidemeister torsion to the complex S^p-i, we obtain (where D denotes 
the determinant of the matrix of the change of basis) 

6p 

logr(5 2 m p _i) =J2(-iyiogD(S? p _ ltq ) 

9=0 

2p p-1 

= J2(-i) q log D(rH q (EiW)) + io g i?(7 m fr g (aw) e rH q (aw)) 

9=0 9=0 
p-1 2p 

= ^(-l)^lo gj D(/ m i/ g (I]^))+ ]T (-lJ'logD^^WO) 

9=0 9=p+l 
p-1 

+ logD(7 m i? g (QW) © I m H q (CiW)) 

9=0 

= E(-l) 9 log2^ + ^M)^log (__) + £ (-l)'log — - 

9=0 9=0 V y q/ 9=P+1 V 

= ^(-l)«log2-*+£(-l)«+ 1 log(-^-- N ) * +£(-l)«l g / ' 



, 2n — 2<7 / ^— ' \ » — o 

9=0 9=0 x y H/ 9=0 H 

< I 



^(-l)*log 

9=0 



2p- 2q 



and this completes the proof in the odd case. 

Case m — 2p. The strategy is similar to the previous one, here however we need to distinguish the 
perversities m and m c . For rri2p+i = p — 1, m^p+i = Pi an d 

H q (ddW), q<p+l, jm c _ f ff g (cKW), q < p, 



[ 0, 9>p + i, yv o, 9 > p; 

f fl,(0C7iW), g<p + l, f g<p, 

I m H q {^W) = { 0, ff=P+l, r n "H q {JiiW)=l 0, g = rj, 

[ ff g (E,W0, q>p+l, { HgfrW), q>p. 

As before, to determine the bases for the homology, we study the two cases q < p + 1 and 
q > p+l separately. Here we need to distinguish perversities, so consider first m. When q < p+ 1, 
the relevant part of the complex S™ p is 



(4.3) — H q (dQW) S V I m H q {CiW) = V © I m H q {CiW) S V I m i? g (S/^) = F-*-0 . 

Fixing an orthonormal base a g for Tl q {W,g), and computing the norm in the metric Z 2 <?, as 
before, an orthonormal base for W 1 (W,l 2 g) is l~ J ^?~ 3 ~a q , and applying the de Rham maps we get 
the basis i "2 "^ )9 (a g ) for H q (dCiW). Next, consider the cone (C/W, gc)- As before, but using 
now Lemma T4.H the constant extension of the forms in a q gives a basis for H' bs (CiW r ), the norm 
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_ 1 

is ll a g,jllg c 2p-2q+i > an< ^ an orthonormal base for Hl hs {CiW) is ^ 2p-2q+i ) " a <r Using the duality 
in (l3~2l) . 

// l2p-2q+l \~5 \ / pp-2 9 +l \5 

■Aq>3c ( 7T" „ ; i ) a 9,j = ( 7T" „ . -, ) •^■q,g{ a q,j)i 



2p-2q+lJ H ' J \2p-2q + l t 

and the basis for I m H q (CiW,gc) is f 2p-2g+i ) 2 -4<J,ff( a <?)- The same process for % 9 (E;W) gives the 

basis of I m H q (EiW): ( 2^-29+1 ) 2 -^9-s( a «)- We can now compute the determinants of the change 

of basis in the vector spaces of the sequence in equation (|4.3[) . At I m H q (dCiW) the determinant is 



1, at I™H q {CiW) © ff g (<W) is ( 2p _ 2g+1 ) 2 and at I^H^W) is 2~*. 
Next consider the case q > p + 1 . The relevant part of the sequence S^p reads 

_ o r n fr g+ i(E,wf^!i- ff 9 (aciwo o ->- • ■ • . 

and using self duality as in the odd case, the basis for I m " H q+1 (Y^iW) is ( 2 q-2p+i ) " ~A q , g (a q ). 

r q 

The determinant of the change of basis at H q {dCiW) is 1 and at I m H q+ i{Y>iW) is ( 9g _2p + i ) 2 • 
Applying the dehnition of Reidemeister torsion to the complex S^p, we obtain 

6p+3 

logr(5 2 n ;) = ^(-l)«log J D( l S 2 m Pig ) 

9=0 

2p+l p 

= £ log r>(/ m ff,(E z ^)) + ]T(-1) 9+1 log D{I m H q {CiW)@I m H q {CiW)) 

9=0 g=0 
P 2p+l 

= £(-l)«log£>(J m ff,(E,W0) + ^ (-l)'lo gj D(/ m i/ g (E^)) 

9=0 ?=p+2 
P 

+ ^gD(I m H q (QW) © 7 m iJ,(CW)) 

9=0 

= g(- 1 )« 1 „ g2 -? + g(- ir .i og (^^)^ + g(-i). 1 o g ( 5 ^ T ' 

9 =0 g=0 v F 1 7 9=0 V ^ y 

P-1 



log (2) r « + (-l)* log 



9=0 

It remains to deal with the case of the complementary perversity m c . The calculations go through 
exactly as in the case of perversity m, using the isomorphism with the L 2 forms, since L 2 is self 
dual, but with the dual boundary condition for the middle dimension, as in [5]. The shift in the 
dimension will give a different result in the final sum, and the result is 

p-i 

logr(<S£) - £(-l) 9+1 log 2" + (-ir +1 log(2Z)*, 

9=0 
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completing the proof. □ 

Lemma 4.3. Let W be a compact connected oriented manifold of dimension m without boundary. 
Let po : ni(CiW) — > 0(k,R) be the trivial orthogonal representation of the fundamental group. 
Then, 

log/ p T R ((G^ ffc ) ;/9 o) = logT R ((9Qt¥,/ 2 ff );po) + logI p T R ((C l W,dC l W),g c ); Po) + \o S t(T p ). 
where r q = XBxikH q {W), and 

P-i f , 

logrCT^J - logr^li) = £(-l) 9 log 

q=0 



2p- 2q 



logr(r 2 ;) = (-iriogrf, 

logr(T 2 f ) = (-l) p+1 log^. 

Proof. We proceed as in the proof of Lemma 14.21 Considering the short exact sequence of chain 
complexes associated to the pair (C/W, dCiW), 

-> C p (dCiW) -> C P (CW) -> C P (CW, <9CW) -> 0, 
by Milnor [13] 3, we have 

log 7 p r R ( (d W, g c ) ; Po) = log r R ( (aC, W 1 l 2 g);p )+ log / p r R ((C, W, dC x W),g c );Po) + log r(7; p ) , 
and we need to compute the torsion of 

T„ p : L p H q (dQ W) L p H q (QW) —>■ L p H q (Q W, dC{W) ■ ■ ■ , 

where T^ 3q = I p H q (W), %l 3q+} = PH q (C,W) and T^ 3q+2 = H^QW^QW). 

Case m = 2p — 1. The intersection homology of dCiW was given in the proof of Lemma 14.21 and 

that of (CiW, dCiW) can be computed using the sequence of the pair, we get 

I-H q (C l W,dC l W) = I^H q (C l W,dC l W) = { \_ i[dCiW)) Hi 

In the even case torsion and homology for the complementary perversities m and m c coincide, so 
fix p = m. When q < p, consider the following part of the complex T 2 ™_\ 



I m H q (CiW, dCiW) = I m H q {dCiW) I m H q (CiW) L m H q (dW, dQW) = . 
Let a q be an orthonormal base for H q (W). Then, as in the proof of Lemma [4.21 a basis for 
H q {dCiW) is l 2p ^ 2 " A q , g (a q ), and a basis for I m H q (CiW, dC{W) is 2 A q , g {a q ). The de- 



terminant of the change of basis is 1 at I m H q (dCiW), and is ^ 2p -2q ) ^ at I m H q {CiW). 
When q> p, the relevant part of the sequence T 2 ™-i is 

(4.4) — I m H q+1 (dW,dCiW) H q (dQW) 



is uj q = a; 2 "?- 1 dx f\ a„_i. Their norm is 



By Lemma 3.5 of [14], a basis for harmonic forms with relative boundary conditions Hf. ACiW) 

Their norm is 

fl ;2o-2p 
x 2q ~ 2p ~ l dx Aa q ^xj A* fl ag_i,j = / x 2q ~ 2p ~ 1 dx\\a q - lt j\\l 



c,w 



2q - 2p 
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_ j_ 

So an orthonormal base for H^ el (CiW) is ( l^zgp' J 2 w gi using duality 

/ / pq-2p \~i \ / j2g-2p \ -7 / £2g-2p \ ~2 



j2g- 


-2p 


2(7- 


2p 




-2p 


2<z- 


2p 




-2p 


2(7- 


2p 



9 



V 2 9~ 2 P, 

•4g— l,g( a g— 

and this gives the basis for I m H q (CiW, dCi W) . The determinants of the change of basis in (|4.4[) are: 

1 at H q (dCiW), and ^ 2^-2^+2 ) 2 at ^ m ^<?+i(C/^ ^QW). Applying the definition of Reidemeister 
torsion to the complex 7^_i, we obtain 

6p 

logr^O =£(-l) 9 logD(T 2 ™_ 1 ) 

2p p-1 

= £ (-l) 9 log D(I m H q (C l W,dC l W))+J2(-l) q+1 ^&D(I m H q (C l W)) 

q=p+l q=0 

and this complete the proof for the odd dimensional case. 

Case m — 2p. We have rri2p+i = p — 1, rri2 p+1 = p, and (the intersection homology of the cone was 
given in the proof of Lemma I4.2|) 



I m H q (CiW,dCiW) = 
r c H q (CiW) = 



0, q<P+h 
H q -x{dC x W), q>p+l, 

0, q<P, 
H q - X {dCiW), q>p. 

Consider first the case of perversity m. When q < p+1, the relevant part of the sequence T£L is 
I m H q {CiW,ddW) = {) ^ I m H q {dCiW) ^ I m H q {CiW) ^ I m H q {CiW,dCiW) =0 , 
and hence bases for all the spaces are fixed by the first part of this proof: a basis for H q (dCiW) is 
I P 2 " Aq, g (a q ), and a basis for I m H q (Ci W, dCiW) is ( 2 p-2q+i ) 2 A q , g (a q ). The determinant of the 

change of basis is 1 at I m H q (dCiW), and is ( 2 p- 2g +i ) * at I m H q {CiW). 
When q > p + 1 , the relevant part of the sequence 7^™ is 

(4.5) — I m H q+1 {CiW,ddW) H q (dQW) 
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By Lemma 14.11 a basis for harmonic forms with relative boundary conditions H^ c i(CiW) is 



1 1 dxf\a q -\. Their norm is ||Wgj||g = 2q-2p-i ■ ^° an orthonormal base for W.^ cl (CiW) 



is ( C-ap+i ) 2 using dualit y 



/ l2q-2p-l \-2 \ / ;2g-2p-l \3 

and this gives the basis for I m .ffg(CjW, <9C/ W). The determinants of the change of basis in (14. 5[) are: 

1 at H q (dCiW), and f — i— j 2 at I m H q+ i(CiW, dCiW). Applying the definition of Reidemeister 
torsion to the complex 7^ , we obtain 

6p+3 

l0gT(T 2 ^) = ]T(-l) 9 l0g£(^) 
9=0 

2p+l p 
q=p+2 q=0 

I \1 ' / ! 



-D- 1 )* Hi '(5^+t)" + D-i)"* 

t/=0 v r J 7 9=0 

=(-!)" log I*. 



2p - 2q + 1 



Calculation with perversity m c are similar, up to the remark at the end of the proof of Lemma 
and this completes the proof. □ 



Recalling the definition of intersection torsion at the end of Section (33 Lemmas 14. 21 andl 4. 31 give 
the following duality theorems. 

Proposition 4.1. Let W be a compact connected oriented manifold of odd dimension m = 2p — 1 
without boundary. Let po : tti(C'iW) — > 0(k,H) be the trivial orthogonal representation of the 
fundamental group. Then (r q — rankHg (W)), 

log/T R ((CW, 5 c); Po) = - log It k ((QW, dCiW,g c );po) 

= \ log M(9QW, l 2 g); Po ) + \ log 

Proof. By Lemmas 14.21 and 14.31 

logIM(CiW,g c );po) = logI m T R ((QW; <? c ); Po) = logI m V R (((7;W, <? c ); A)), 
log LT R ((dW, 8QW, g c ); Po) =log/ m T R ((C^,9C^, 5c );Po) = log7 m V R ((aW, 8QW, g c ); Po)- 
Then the statements follows once we recall that, when m is odd, by [5] 2.8, 

log/ mC T R ((S / iy,. 9E );po) = -logI m M(^iW,g^;p ). 

□ 
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Theorem 4.1. Let W be a compact connected oriented manifold of dimension m without boundary. 
Let po : tti(CiW) — > 0(k, R) be the trivial orthogonal representation of the fundamental group. 
Then, 

log/ m T R ((CW, 5c ); Po ) = (-iriog/ mC T R ((C^,aC^, 5c );po), 
loglrnddW^c^Po) = (-l) m log/r R ((C ; W r ,9C / ^.g c );Po). 



Proof. The proof in the odd case follows from Proposition 14.11 and the two lemmas. Now, if dim W 
is even, then by [6] 2.8, 

log/ m V R ((W,.g s ) ;/9 o) - log J m 7fc((£, W,Se);po), 

therefore 



log/ m r R ((C / ^,aC ; ^, ff c);Po)=log/ m r R ((C ; ^, 5 c);Po)-logr R ((9C^,; 2 5 );po)-logr(r^) 

ilog/ m r R ((E^,. 9s ); Po ) + i logr(<S 2 ^) - logr(T 2 ™) 



=~ log/ m V R ((5W, ffs ); p ) + 1 logJT* + log (2/) ! 

= log/ mC T R ((G^, ffc );p ). 

□ 



Acknowledgment 

The authors thanks J. P. Brasselet for helpful and illuminating discussions. 

References 

[1] J. Briining and Xiaonan Ma, An anomaly formula for Ray-Singer metrics on manifolds with boundary, GAFA 
16 (2006) 767-873. 

[2] J. Briining and Xiaonan Ma, On the gluing formula for the analytic torsion, to appear. 
[3] J. Cheeger, Analytic torsion and the heat equation, Ann. Math. 109 (1979) 259-322. 
[4] J. Cheeger, Spectral geometry of singular Riemannian spaces, J. Diff. Geom. 18 (1983) 575-657. 
[5] J. Cheeger, On the Hodge theory of Riemannian pseudomanifolds, Proc. Sympos. Pure Math. 36 (1980) 91-146. 
[6] A. Dar, Intersection R-torsion and the analytic torsion for pseudomanifolds, Math. Z. 154 (1987) 155-210. 
[7] A. Dar, Intersection Whitehead torsion and the s-Cobordism Theorem for Pseudomanifolds, Math. Z. 199 (1988) 
171-179. 

[8] P.B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer index theorem, Studies in Advanced 
Mathematics, 1995. 

[9] M. Goresky and R. MacPherson, Intersection homology theory, Topology 19 (1980) 135-162. 
[10] M. Goresky and R. MacPherson, Intersection homology II, Invent. Math. 72 (1983) 77-129. 

[11] M. Goresky and R. MacPherson, Morse theory and intersection homology theory, Asterisque 101-102 (1983) 
135-192. 

[12] A. Haefliger, Introduction to piecewise linear intersection homology, in A. Borel et al., Intersection cohomology, 
Birkhauser, 1984. 

[13] L. Hartmann and M. Spreafico, The analytic torsion of a cone over a sphere, J. Math. Pure Ap. 93 (2010) 
408-435. 

[14] L. Hartmann and M. Spreafico, The analytic torsion of the cone over an odd dimensional manifold, (2010) 
larXiv:1001.4755t r2. 

[15] L. Hartmann, T. de Melo and M. Spreafico, Reidemeister torsion and analytic torsion of discs, (2009) 
larXiv:0811.3196H . 

[16] F. Kirwan and J. Wolf, An introduction to intersection homology theory, Chapman & Hall/CRC, 2006. 



AN EXTENSION OF THE CHEEGER-MULLER THEOREM FOR A CONE 



23 



[17] W. Luck, Analytic and topological torsion for manifolds with boundary and symmetry, J. Differential Geom. 37 
(1993) 263-322. 

[18] R. MacPherson, Intersection homology and perverse sheafs, Colloquium Lecture notes distributed by the AMS 
(1991). 

[19] J. Milnor, Whitehead torsion, Bull. AMS 72 (1966) 358-426. 

[20] W. Miiller, Analytic torsion and R-torsion of Riemannian manifolds, Adv. Math. 28 (1978) 233-305. 
[21] M. Nagase, De Rham-Hodge theory on a manifold with cone-like singularities, Kodai Math. J., 1 (1982) 38-64. 
[22] D.B. Ray and I.M. Singer, R-torsion and the Laplacian on Riemannian manifolds, Adv. Math. 7 (1971) 145-210. 
[23] M. Spreafico, On the non homogeneous quadratic Bessel zeta function, Mathematika 51 (2004) 123-130. 
[24] M. Spreafico, Zeta function and regularized determinant on a disc and on a cone, J. Geo. Phys. 54 (2005) 
355-371. 

[25] M. Spreafico, Zeta invariants for sequences of spectral type, special functions and the Lerch formula, Proc. Roy. 

Soc. Edinburgh 136A (2006) 863-887. 
[26] M. Spreafico, Zeta invariants for Dirichlet series, Pacific. J. Math. 224 (2006) 180-199. 
[27] M. Spreafico, Zeta invariants for double sequences of spectral type, arXiv:math/0607816 
[28] B. Youssin, L p cohomology of cones and horns, J. Differential. Geom. 39 (1994) 559-603. 

[29] S.M. Vishik, Generalized Ray-Singer conjecture. I. A manifold with a smooth boundary, Comm. Math. Phys. 
167 (1995) 1-102. 

ICMC, Universidade Sao Paulo, Sao Carlos, Brazil. 
E-mail address: maurosaicmc.usp.br 

UFSCar, Universidade Federal de So Carlos, Sao Carlos, Brazil. 
E-mail address: hartmann9dm.ufscar.br 



